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Unlike the Coulomb potential that acts between all semiconductor carriers, the potential com-
monly used for BCS superconductors and cold atom gases acts between different fermion species
only, these species differing by their spin or hyperfine index. The coboson formalism we here de-
velop evidences that such composite bosons interact through fermion exchange only, thus rendering
the structure of the Shiva diagrams that visualize their many-body effects far simpler. A separa-
ble potential is used to obtain analytical results for the N-coboson normalization factor and the
N-coboson ground-state energy within the Born approximation, in terms of the Born dimer-dimer
scattering length. This formalism opens the route toward approaching complex many-body effects,
such as Bose-Einstein condensation, through a new perspective.
PACS numbers:
I. INTRODUCTION
In the early 2000’s, a many-body formalism1 has been
developed to handle composite bosons (cobosons) as en-
tities, while keeping fermion exchange between these par-
ticles in an exact way. This formalism has been applied
to predict various physical effects involving excitons that
occur in semiconductor nonlinear optics2–4.
To fully take into account fermion exchanges between
the fermionic components of composite particles may
seem at first quite daunting. This could be the reason
why the many-body formalism for elementary fermions,
developed half a century ago, is still used for systems
made of composite quantum particles. It turns out that
the many-body formalism for composite particles that
has been proposed by one of the authors is not all that
complicated. Instead of a scalar algebra based on Green
functions, it uses an operator algebra based on com-
mutators in the case of composite bosons and commu-
tators and anticommutators in the case of composite
fermions5,6. These commutation relations involve the
system Hamiltonian of the constituting fermions and the
creation operators for single composite particles. Shiva
diagrams have been proposed to visualize many-body ef-
fects occurring between composite bosons made of two
fermions, while more complicated Kali diagrams are nec-
essary for composite fermions. Like Feynman diagrams,
these diagrams are powerful in the sense that they allow
us to directly write down the physical quantities they
represent.
The coboson formalism has so far been mostly used for
problems concerning semiconductor excitons, with long-
range Coulomb attraction between electrons and holes
as large as Coulomb repulsions between electrons and be-
tween holes. In other fields like BCS superconductors and
cold atom gases, however, the potential is short-range,
and commonly approximated as an attraction between
different fermion species only. We here present the cobo-
son many-body formalism appropriate for such systems.
The reduction of their potential to an attraction between
different fermion species greatly simplifies the coboson
many-body formalism because this potential in fact cor-
responds to a one-body operator in the coboson subspace.
Such a potential, which also is the one used for Cooper
pairs in BCS superconductivity7, leads to a many-body
physics driven by fermion exchanges, thus making the
associated Shiva diagrams far simpler. In view of the
physical importance of the fields in which the potential
can be restricted to that between different fermions only,
it is of interest to present this simple version of the co-
boson many-body formalism.
The paper is organized as follows:
In Sec. II, we present the coboson many-body formal-
ism for a two-fermion system having an attractive poten-
tial between different fermion species.
In Sec. III, we take the potential scattering in a sep-
arable form in order to derive explicit results. Such a
scattering is commonly taken for short-range attraction
such as the one acting between up-spin and down-spin
electrons making Cooper pairs, or the one used for cold
atom gases. Within such a separable potential, we calcu-
late two basic quantities, namely the normalization fac-
tor for N ground-state cobosons and the Hamiltonian
mean value in this state. The normalization factor pro-
vides a direct way to gauge the “entanglement” exist-
ing between composite bosons8–11. Its reduction with
increasing N originates from the “moth-eaten effect” in-
duced by the Pauli exclusion principle between fermionic
components12. The Hamiltonian mean value corresponds
to the system ground-state energy in the Born approx-
imation. We find that it has higher than linear density
dependence, in contrast to that of Cooper pairs13,14, in
which higher density terms cancel exactly because in ad-
dition to being present between opposite spins only, the
attraction occurs only between pairs having zero center-
of-mass momentum. We find that the linear term in
2density of the Hamiltonian mean value corresponds to
the well-known Born term, 2a, for the scattering length
between dimers obtained from standard Green function
procedure15,16 and partial-bosonization procedure17.
In the last section, we discuss the advantage of the
coboson formalism and conclude.
II. GENERAL COBOSON FORMALISM
We consider a system made of two fermion species, α
and β, with an attractive force between (α, β) fermions
only. The system Hamiltonian, H = H0 + V , contains a
free part given by
H0 =
∑
kα
ε
(α)
kα
a†kαakα +
∑
kβ
ε
(β)
kβ
b†kβbkβ (1)
with ε
(α,β)
k = k
2/2mα,β, and an interaction part given by
V = −
∑
q
vq
∑
kαkβ
a†kα+qb
†
kβ−q
bkβakα . (2)
(Throughout this paper, ~ is set equal to 1.)
A. Single-pair operators
The coboson many-body formalism is based on the cre-
ation operators for single pair eigenstates, |i〉 = B†i |v〉,
0 = (H − Ei)|i〉 . (3)
Just like free pair states |kα,kβ〉, which are eigenstates
of the free Hamiltonian H0,
0 = (H0 − ε(α)kα − ε
(β)
kβ
)|kα,kβ〉 , (4)
the correlated pair states |i〉, which are eigenstates of the
interacting Hamiltonian H , form a complete basis in the
one-pair subspace
I1 =
∑
i
|i〉〈i| =
∑
kαkβ
|kα,kβ〉〈kβ ,kα| . (5)
So, correlated pair and free pair states are related by
|i〉 =
∑
kαkβ
|kα,kβ〉〈kβ ,kα|i〉 , (6)
|kαkβ〉 =
∑
i
|i〉〈i|kα,kβ〉 . (7)
As total momentum is conserved in the interaction pro-
cesses of any potential for translationally invariant sys-
tems, the relevant fermion pair operator must have the
center-of-mass momenta K appearing explicitly, as in
B†Kp = a
†
p+γαK
b†−p+γβK (8)
with γα = 1 − γβ = mα/(mα + mβ) and p being the
relative motion momentum of the pair. The pair kinetic
energy then reduces to
ε
(α)
p+γαK
+ ε
(β)
−p+γβK
=
K2
2M
+
p2
2µ
(9)
with M = mα +mβ and µ
−1 = m−1α +m
−1
β . By writing
kα = p + γαK and kβ = −p + γβK in Eq. (2), we can
rewrite this equation as
V = −
∑
q
vq
∑
Kp
B†K,p+qBKp = −
∑
Kpp′
B†Kp′vp′−pBKp .
(10)
Since the potential V conserves momentum, the cor-
related pair eigenstates are a linear combination of free
pairs having same center-of-mass momentum. So,
|i〉 ≡ |Ki, νi〉 =
∑
p
|Kip〉〈p|νi〉 (11)
with |Kip〉 = B†Kip|v〉, where B
†
Kp is the operator de-
fined in Eq. (8). For V given in Eq. (10), the relative
motion wave function 〈p|νi〉 of the coboson i eigenstate
of H ,
0 = (H0 + V − Ei)
∑
p
|Kip〉〈p|νi〉 , (12)
must fulfill
0 = (εp′ − ενi)〈p′|νi〉 −
∑
p
vp′−p〈p|νi〉 (13)
with Ei = ενi +K
2
i /2M and εp = p
2/2µ.
Equation (10) also leads, using Eq. (7), to
V |i〉 = −
∑
q
vq
∑
kαkβ
|kα + q,kβ − q〉〈kβ ,kα|i〉
= −
∑
m
|m〉vmi , (14)
where the scattering between correlated-pair states is
given by
vmi =
∑
q
vq
∑
kαkβ
〈m|kα + q,kβ − q〉〈kβ ,kα|i〉 . (15)
im q
k qb - kb
kak qa +
FIG. 1: Scattering amplitude vmi resulting from interaction
between fermions (α, β), as given by Eq. (15). Fermions α are
represented by solid lines and fermions β by dashed lines. To
“open” the coboson i into free pairs, we pay 〈kβ,kα|i〉. These
free pairs then interact. To close the resulting free pairs into a
coboson m, we pay 〈m|kα+q,kβ−q〉, which is what Eq. (15)
tells.
3This scattering is visualized by the diagram of Fig. 1.
We now turn to pair operators on which the coboson
many-body formalism is constructed. Equations (6) and
(7) allow us to relate correlated pair operators to free
pair operators through
B†i =
∑
a†kαb
†
kβ
〈kβ ,kα|i〉 , (16)
a†kαb
†
kβ
=
∑
B†i 〈i|kα,kβ〉 . (17)
By writing free pair operators in terms of correlated
pair operators, the potential acting only between (α, β)
fermions reduces
V = −
∑
mi
vmiB
†
mBi , (18)
where vmi is the scattering amplitude given in Eq. (15).
The above equation demonstrates that the potential be-
tween different fermions (α, β) is a one-body operator
in the coboson subspace. As a direct consequence, in-
teraction between cobosons can only come from fermion
exchanges induced by the Pauli exclusion principle.
B. Pauli scatterings
To derive the Pauli scatterings between two cobosons
resulting from fermion exchanges between correlated
pairs in the absence of fermion-fermion interaction, it is
convenient to start with free pairs with creation opera-
tors a†kαb
†
kβ
= B†kαkβ . We first construct their “deviation
operators”, D, through[
Bk′αk′β ,B
†
kαkβ
]
−
= δk′αkαδk′βkβ −Dk′αk′β ,kαkβ , (19)
from which we get[
Dk′αk′β ,kαkβ ,B†pαpβ
]
−
= (20)
∑
p′αp
′
β
B†
p′αp
′
β
(
λ
(
p′αp
′
β pαpβ
k′αk
′
β kαkβ
)
+ λ
(
p′αp
′
β kαkβ
k′αk
′
β pαpβ
))
.
The Pauli scattering between two free pairs, as visualized
by the diagram of Fig. 2, reduces to momentum conser-
vation,
λ
(
p
′
αp
′
β pαpβ
k′αk
′
β kαkβ
)
= δk′αkαδk′βpβδp′βkβδp′αpα , (21)
as can be directly read from the figure. The two λ terms
in Eq. (20) correspond to an exchange of α fermions and
β fermions, as expected from (α, β) symmetry.
The link between correlated and free pair operators
given in Eqs. (16) and (17) then readily gives, for nor-
malized correlated pair states 〈m|i〉 = δmi,[
Bm, B
†
i
]
−
= δmi −Dmi , (22)
Dmi =
∑
{k}
〈m|k′α,k′β〉Dk′αk′β ,kαkβ 〈kβ ,kα|m〉 ,(23)
kb
kaka¢
kb¢
pb
papa¢
pb¢
FIG. 2: Pauli scattering for fermion exchange between free
pairs, λ
( p′αp′β pαpβ
k′αk
′
β
kαkβ
)
, as given in Eq. (21).
from which we get the Pauli scatterings between corre-
lated pairs as[
Dmi, B
†
j
]
−
=
∑
n
(
λ
(
n j
m i
)
+ λ
(
n i
m j
) )
B†n , (24)
λ
(
n j
m i
)
=
∑
〈m|k′α,k′β〉〈n|p′α,p′β〉λ
(
p′αp
′
β pαpβ
k′αk
′
β kαkβ
)
×〈pβ ,pα|j〉〈kβ ,kα|i〉. (25)
The above expression of λ
(
n j
m i
)
can be directly read
from the diagram of Fig. 3 which represents the Pauli
scattering induced by fermion exchange between co-
bosons (i, j) that end in states (m,n).
kb
kaka¢
kb¢
pb
papa¢
pb¢
i
jn
m
FIG. 3: Pauli scattering λ
( n j
m i
)
for fermion exchange between
correlated pairs, as given in Eq. (25). To get it, we “open”
the correlated pairs into free pairs through 〈kβ,kα|i〉 factors,
let the resulting free pairs exchange their fermions, and then
“close” the free pairs into correlated pairs through 〈m|k′α,k
′
β〉.
C. Interaction Scatterings
We now turn to scatterings between two cobosons re-
sulting from the potential V . From Eqs. (1) and (16), we
get[
H0, B
†
i
]
−
=
∑(
ε
(α)
kα
+ ε
(β)
kβ
)
B†kαkβ 〈kβ ,kα|i〉 , (26)
while using Eq. (22) and the form of V given in Eq. (18),
we readily get[
V,B†i
]
−
= −
∑
m
vmiB
†
m +
∑
mm′
B†mvmm′Dm′i . (27)
By noting that
0 = 〈kβ ,kα|H0 + V − Ei|i〉
= (ε
(α)
kα
+ ε
(β)
kβ
− Ei)〈kβ ,kα|i〉 −
∑
m
〈kβ ,kα|m〉vmi ,(28)
4we obtain [
H,B†i
]
−
= EiB
†
i + V
†
i , (29)
where the creation potential for coboson i is given by
V †i =
∑
mm′
B†mvmm′Dm′i . (30)
The interaction scattering between cobosons in states i
and j follows from one more commutator. Using Eq. (24),
we find[
V †i , B
†
j
]
−
=
∑
mm′
B†mvmm′
[
Dm′i, B
†
j
]
=
∑
mm′n
B†mB
†
nvmm′
(
λ
(
n j
m′ i
)
+ λ
(
n i
m′ j
) )
.(31)
It will be convenient to symmetrize the above equation
with respect to (m,n) in order to have[
V †i , B
†
j
]
−
=
∑
mn
B†mB
†
nξ
(
n j
m i
)
(32)
with ξ
(
n j
m i
)
= ξ
(
m j
n i
)
; the interaction scattering then
reads
ξ
(
n j
m i
)
=
1
2
{∑
m′
vmm′λ
( n j
m′ i
)
+
∑
n′
vnn′λ
(
n′ j
m i
)
+(i←→ j)
}
. (33)
As obvious from its Shiva diagram representation shown
in Fig. 4, this interaction scattering evidences that co-
bosons i and j interact not because of the fermion-
fermion potential, but because of fermion exchanges.
n
m i
j n
m
+
i
j
n¢
m¢
FIG. 4: The first two terms of the interaction scattering
ξ
( n j
m i
)
given in Eq. (33). The other two terms come from
exchanging the α fermions, instead of the β fermions. This
interaction scattering involves one interaction scattering but
results from fermion exchange only.
This peculiar result can be traced back to the fact that
the potential V acts between different fermion species
only. Interaction scatterings coming from fermion ex-
change only also exist for Cooper pairs that interact via
the reduced BCS potential: indeed, it has been shown12
that the many-body physics of Cooper pairs only comes
from fermion exchanges, a point not often noted.
Another interaction scattering appearing in coboson
many-body effects follows from the indistinguishability of
the fermions that form cobosons. By adding one fermion
exchange between cobosons to the above interaction scat-
tering, we get
∑
rs
λ
(
n s
m r
)
ξ
(
s j
r i
) ≡ ξin( n jm i ) , (34)
according to the standard notations of the coboson
formalism1. In this scattering shown in Fig. (5), the two
fermions which form coboson i are the ones that form
cobosons m, the α fermion of coboson i interacting with
the β fermion of coboson j, with (α, β) possibly inter-
changed.
n
r¢
j
im
s
r
º
n
m
j
i
n
s¢
j
im
s
r
º
n
m
j
i
(a)
(b)
FIG. 5: (a,b) The two interaction scatterings contained in
ξin
( n j
m i
)
and defined in Eq. (34). This scattering in fact
corresponds to direct processes, the outgoing cobosonm being
formed on the same fermion pair as the incoming coboson i.
To go further and obtain some analytical results,
we must specify the potential acting between (α, β)
fermions. As physically relevant potentials for super-
conductors and for cold atom gases are short-range, a
convenient approximate form for such potentials is the
so-called “separable potential”. We are going to use it in
the following.
III. SEPARABLE POTENTIAL
We first wish to note that the basic idea of a “separable
potential” is to separate incoming states from outgoing
states in interaction processes that would otherwise be
difficult to handle. Taking a separable form for this po-
tential then amounts to replacing vp′−p in Eq. (13) with
v0wp′wp and taking wp nonzero for particle energy εp in
a designated range.
A. Single-pair states
• Bound state
Let us first look for the existence of a bound state, i.e.,
a state below all possible free pair energies, which makes
its energy ενi negative. For vp′−p = v0wp′wp, Eq. (13)
5leads to
〈p′|νi〉 = wp
′
εp′ − ενi
v0
∑
p
wp〈p|νi〉 . (35)
Multiplying the above equation by wp′ and taking the
sum over p′ gives the equation fulfilled by the single pair
eigenvalues as
1
v0
=
∑
p′
w2p′
εp′ − ενi
. (36)
For |ενi | large enough compared to the εp′ energy spac-
ing, we can replace the discrete sum over p′ by an inte-
gral. The above equation has only one negative solution,
i.e., one bound state. This bound state is the single-pair
ground state ν0.
Let us consider three standard model potentials:
(i) wp = 1 for εF0 ≤ εp ≤ εF0 +Ω
This corresponds to the potential used in BCS su-
perconductivity. For a large Fermi energy εF0 and a
small potential layer extension Ω, the density of states in
the potential layer can be approximated by a constant,
ρ(ε) = ρ0. Equation (36) then reduces to
1
v0
=
∫ εF0+Ω
εF0
ρ0
dεp
εp − εν0
= ρ0 ln
εF0 +Ω− εν0
εF0 − εν0
, (37)
from which we find the single bound state solution as
εν0 = εF0 −
Ωσ
1− σ (38)
with σ = e−1/ρ0v0 , as obtained by Cooper. (The factor
of 2 difference with respect to the standard exponent in
σ is due to the fact that ρ0 here is the pair density of
states.)
(ii) wp = 1 for 0 ≤ εp ≤ Ω in 2D
The 2D density of states being constant for whatever
εp, the bound-state energy just follows from setting εF0 =
0 in the above solution.
(iii) wp = 1 for 0 ≤ εp ≤ Ω in 3D
By writing the density of states as ρ0
√
εp/Ω, the p
sum in Eq. (36), when transformed into an integral, leads
to
1
2ρ0v0
= 1−
√
−εν0
Ω
tan−1
√
Ω
−εν0
. (39)
As the RHS of the above equation decreases from 1 when
εν0/Ω ≃ 0−, to Ω/(−3εν0) when εν0/Ω → −∞, such
a separable potential has a single bound state solution
provided that v0 is larger than a threshold value vth =
1/2ρ0 obtained by setting εν0 = 0 in the above equation.
Let us write the bound state solution of Eq. (39) as
ε˜ν0 ≡
εν0
Ω
= f(v˜0) , (40a)
v˜0 ≡ v0
vth
= 2ρ0v0 . (40b)
Equation (35) gives the normalized bound state wave
function as
〈p|ν0〉 = wp
εp − εν0
1√
I2
(41)
where
In =
∑
p
wp
(εp − εν0)n
(42)
obeys a recursion relation derived from an integration by
parts. It reads
0 = (2n− 3)In + 2nεν0In+1 +
2ρ0
Ωn−1(1− ε˜ν0)n
. (43)
Knowing I1 = 1/v0 and 2ρ0 = 1/vth according to
Eqs. (36) and (40b), this recursion relation gives
I2 =
1
−2εν0v0
(
v˜0
1− ε˜ν0
− 1
)
. (44)
• Extended states
Equation (13) also has nonnegative solutions. The cor-
responding ενi ’s are close to the possible εpi energies of
free pair states. The resulting wave function 〈p|νi〉 then
is very much peaked at εp = εpi , which makes the ex-
tended states very close to the free plane-wave states for
all pi’s within the potential layer.
B. Elementary scatterings between two
ground-state cobosons
Knowing the single-pair ground-state wave function,
we can calculate a few important quantities of the co-
boson many-body formalism dealing with ground states.
Let us start with the simplest ones, namely, the Pauli
scattering λ ( 0 00 0 ) and the interaction scattering ξ (
0 0
0 0 )
between two cobosons starting and ending in the ground
state, 0 = (K = 0, ν0).
(i) The Pauli scattering λ
(
n j
m i
)
is defined in Eq. (25)
and visualized by the Shiva diagram of Fig. 3. Accord-
ing to Eq. (8), the momenta of fermions (α, β) making
a coboson with center-of-mass momentum K = 0 reduce
to (p,−p); so, the overlap 〈kα,kβ |ν0〉 between the free
fermion pair and the (K = 0, ν0) coboson is just 〈p|ν0〉.
The Pauli scattering λ ( 0 00 0 ) between two ground-state
cobosons then is simply given, using Eq. (41), by
λ ( 0 00 0 ) =
∑
p
|〈p|ν0〉|4 = I4
I22
. (45)
Indeed, as directly read on Fig. 6, the diagram that rep-
resents λ ( 0 00 0 ) imposes all momenta p’s to be equal, as
can also be shown from Eq. (25). Using I4 calculated
through the recursion relation (43) as
I4 =
1
−48ε3ν0v0
(
v˜0
3− 12ε˜ν0 + 17ε˜2ν0
(1− ε˜ν0)3
− 3
)
, (46)
62
p-
0
0
0
0
2
p
1
p-
1
p
3
p-
3
p
4
p-
4
p
FIG. 6: Pauli scattering λ
(
0 0
0 0
)
between ground-state co-
bosons 0 = (K = 0, ν0), as given in Eq. (45). Momentum
conservation for fermion exchange imposes all p’s to be equal.
we end with
λ ( 0 00 0 ) =
v0
−12εν0
v˜0
3− 12ε˜ν0 + 17ε˜2ν0
(1− ε˜ν0)3
− 3(
v˜0
1− ε˜ν0
− 1
)2 . (47)
We note that λ ( 0 00 0 ) is dimensionless as required, and
depends on the sample volume as 1/L3 due to the volume
dependence of the v0 amplitude.
(ii) The interaction scattering ξ
(
n j
m i
)
is defined in
Eq. (33) and visualized by the diagram of Fig. 4. For
i = j = m = n = 0, all four terms in ξ
(
n j
m i
)
are equal,
thus giving
ξ ( 0 00 0 ) = 2
∑
m′
v0m′λ
(
0 0
m′ 0
)
. (48)
Since v0m′ conserves momentum, all cobosons involved in
this scattering have a K = 0 center-of-mass momentum;
so, they are all made of (p,−p) fermion pairs. The above
sum is visualized by the Shiva diagram of Fig. 7. The
2
p-
0
0
0
0
2
p
1
p-
1
p
3
p-
3
p
4
p-
4
p
m¢
p-
p
p¢-
p¢
FIG. 7: Interaction scattering ξ
(
0 0
0 0
)
between ground-state
cobosons, as given in Eqs. (48) and (49).
Pauli scattering λ
(
0 0
m′ 0
)
imposes p1 = p2 = p3 = p4,
while the sum over m′, performed through closure rela-
tion,
∑ |m′〉〈m′| = I, leads to p = p4. So, the interaction
scattering ξ ( 0 00 0 ), as directly read from this diagram, is
given by
ξ ( 0 00 0 ) = 2
∑
p′p
〈ν0|p′〉vp′−p〈ν0|p〉〈p|ν0〉2
= 2v0
I1I3
I22
= 2
I3
I22
, (49)
since I1 = 1/v0. It is of interest to note that 2I3/I
2
2 holds
true even for a non-separable potential, as can be shown
by inserting the single coboson Schro¨dinger equation (13)
for νi = ν0 into the above equation. Using I3 calculated
through the recursion relation (43) as
I3 =
1
8ε2ν0v0
(
v˜0
1− 3ε˜ν0
(1− ε˜ν0)2
− 1
)
, (50)
we end with
ξ ( 0 00 0 ) = v0
v˜0
1− 3ε˜ν0
(1− ε˜ν0)2
− 1(
v˜0
1− ε˜ν0
− 1
)2 . (51)
(iii) The interaction scattering ξin
(
n j
m i
)
is defined in
Eq. (34) and visualized by the diagram of Fig. 5. Here
again, since all scatterings conserve momentum, all co-
bosons involved in ξin ( 0 00 0 ) have a K = 0 center-of-
mass momentum. Moreover, the various contributions
to λ ( 0 n0 m ) and ξ (
n 0
m 0 ) are equal; so, ξ
in ( 0 00 0 ) reduces to
ξin ( 0 00 0 ) = 2
∑
mm′n
λ ( 0 n0 m ) vmm′λ
(
n 0
m′ 0
)
. (52)
The above sum is visualized by the Shiva diagram of
Fig. 8. By performing the (m,m′, n) sums through clo-
n
m m¢
0
0
0
0
2
p-
2
p
1
p-
1
p
2
p-
2
p
1
p-
1
p
FIG. 8: Interaction scattering ξin
(
0 0
0 0
)
between ground-state
cobosons, as given in Eqs. (52,53).
sure relation, we are left with two free momenta only,
ξin ( 0 00 0 ) then reading as
ξin ( 0 00 0 ) = 2
∑
p1
|〈p1|ν0〉|2
∑
p2
v0|〈p2|ν0〉|2
= 2v0 . (53)
C. Scattering length
In this section, we make link between the above
coboson-coboson scatterings and the coboson-coboson
scattering length. We focus on systems that have phys-
ical relevance to cold atom gases, namely 3D systems
with a potential energy layer extending from 0 to Ω. As
previously shown, a bound state exists for a separable po-
tential provided that v0 is larger than a threshold value
vth. Let us consider two limiting cases: (i) εν0/Ω close
to zero, and (ii) εν0/Ω infinite.
(i) For εν0/Ω→ 0−, Eq. (39) gives,
pi
2
√
−εν0
Ω
≃ v˜0 − 1
v˜0
, (54)
7since tan−1 x = pi/2 for x → ∞. The solution for
εν0/Ω → 0− corresponds to v˜0 ∼ 1, i.e., v0 ≃ vth =
1/2ρ0. The coboson ground state is then loosely bound.
Such a regime is physically relevant for cold atom gases.
By noting that the density of states is defined through
(L/2pi)34pik2dk = ρ0
√
εk/Ωdεk for εk = k
2/2µ with
µ−1 = m−1α +m
−1
β , we obtain
L3
2pi2
=
2ρ0√
Ω(2µ)3/2
. (55)
Using this relation in Eq. (54), we get, for a bound-state
energy written in terms of the bound-state Bohr radius
a as εν0 = −1/2µa2,
v0
v˜0 − 1 =
2pi
µL3
a . (56)
The above relation gives the Pauli and interaction scat-
terings for εν0/Ω→ 0−, i.e., v˜0 ∼ 1, as
λ ( 0 00 0 ) ≃
1
−4εν0
v0
v˜0 − 1 = pi
( a
L
)3
, (57)
ξ ( 0 00 0 ) ≃
v0
v˜0 − 1 =
2pi
µL3
a≫ ξin ( 0 00 0 ) = 2v0 . (58)
Thus, in this regime, the interaction scattering is domi-
nantly controlled by fermion exchange.
As shown below, the coboson-coboson effective scat-
tering appears in the Born approximation as ξ ( 0 00 0 ) −
ξin ( 0 00 0 ). By relating this effective scattering to the
coboson-coboson scattering length a
(B)
cc through18
ξ ( 0 00 0 )− ξin ( 0 00 0 ) =
4pi
ML3
a(B)cc , (59)
we get, from Eqs. (53) and (58), this scattering length as
a(B)cc ≃
M
2µ
a , (60)
which reduces to 2a for equal fermion masses, mα = mβ.
This Born result has been previously found by other
many-body approaches15–17. It has also been shown
that the repeated interaction through coboson-coboson
ladder-type series drastically reduces this Born result
down to 0.6a for equal fermion masses19–22. Derivation
of this reduction using the present coboson formalism is
left for future work.
(ii) The εν0/Ω → −∞ regime corresponds to an at-
tractive potential with infinite strength, v˜0 → ∞, and a
tightly bound coboson with a very large binding energy.
Equation (39) then gives in this regime
εν0 = −v0
2ρ0Ω
3
= −v0NΩ , (61)
where NΩ =
∑
kwk is the number of states in the po-
tential layer. The Pauli and interaction scatterings are
given in this limit by
λ ( 0 00 0 ) ≃
3
2
1
ρ0Ω
=
1
NΩ
, (62)
ξ ( 0 00 0 ) ≃ 2v0 . (63)
These results show that the Pauli scattering λ ( 0 00 0 ) be-
tween tightly bound cobosons is vanishingly small as
physically reasonable, while the coboson-coboson effec-
tive scattering in the Born approximation, ξ ( 0 00 0 ) −
ξin ( 0 00 0 ), reduces to zero.
D. Normalization factor
Let us now apply the coboson formalism developed
above for interaction between fermions (α, β) only to the
calculation of two specific quantities: the normalization
factor for N ground-state cobosons and the Hamiltonian
mean value in this state. The former quantity measures
to what extent cobosons entangle with each other; the
latter corresponds to the N -coboson ground-state energy
in the Born approximation. These two quantities have
already been calculated for semiconductor excitons with
Coulomb potential acting between all carriers23,24. Ex-
plicit results will be given in the weak interaction regime,
which is the regime relevant for cold atom gases.
Due to the Pauli exclusion principle, the scalar product
of the N -coboson state |ψN 〉 = B†N0 |v〉 with itself is far
smaller than its elementary boson value N !. Let us write
it as
〈ψN |ψN 〉 = N !FN . (64)
Following the general coboson many-body formalism, we
get, by iterating Eqs. (22) and (24),[
Bm, B
†N
i
]
−
= NB†N−1i (δmi −Dmi)
−N(N − 1)B†N−2i
∑
n
B†nλ
(
n i
m i
)
, (65)
[
Dmi, B
†N
j
]
−
= NB†N−1i
∑
n
B†n
(
λ
(
n j
m i
)
+ (i←→ j)
)
.
(66)
The recursion relation between the FN ’s is obtained by
using the above equations in
〈ψN |ψN 〉 = 〈ψN−1|
[
B0, B
†N
0
]
−
|v〉 (67)
= N〈ψN−1|ψN−1〉
−N(N − 1)
∑
n
λ
(
n 0
0 0
)〈ψN−1|B†n|ψN−2〉 ,
This leads to
FN = FN−1−(N−1)λ2FN−2+(N−1)(N−2)λ3FN−3+· · · .
(68)
The λn’s, which come from fermion exchanges between
n cobosons 0, reduce, for the ground-state coboson wave
function 〈p|ν0〉 given in Eq. (41), to
λn =
∑
p
|〈p|ν0〉|2n = I2n
In2
. (69)
8λ2 is just λ
(
0 0
0 0
)
given in Eq. (45), while λ3 = λ
(
0 0
0 0
0 0
)
and so on. The λn’s can be derived using the recursion
relation (43). For εν0/Ω → 0−, that is, in the weak
interaction limit v˜0 → 1, we find that
In =
(2n− 5)!!
(n− 1)!(−2εν0)n−1
v˜0 − 1
v0
for n > 2 . (70)
The above result is obtained by using Eq. (56) and by
noting that the third term in Eq. (43) is small compared
to the other two terms; so, In becomes a geometric series.
With the use of the above relation, the λn’s read in terms
of the coboson Bohr radius a as
λn =
(2pi)n−1(4n− 5)!!
(2n− 1)!
(
a3
L3
)n−1
. (71)
E. Hamiltonian mean value
The Hamiltonian mean value for N ground-state co-
bosons |ψN 〉 corresponds to the ground-state energy in
the Born approximation, since, by construction, it con-
tains one interaction only. However, for composite quan-
tum particles, the Hamiltonian mean value also contains
fermion exchanges between N cobosons; so, it also has
terms with higher than linear density dependence.
Iteration of Eqs. (29) and (32) leads to[
H,B†Ni
]
−
= NB†N−1i (EiB
†
i + V
†
i ) (72)
+
N(N − 1)
2
B†N−2i
∑
mn
B†mB
†
nξ (
n i
m i ) ,[
V †i , B
†N
j
]
−
= NB†N−1j
∑
mn
B†mB
†
nξ
(
n j
m i
)
, (73)
from which we find
H |ψN 〉 = NE0|ψN 〉+N(N − 1)
2
∑
mn
B†mB
†
nξ (
n 0
m 0 ) |ψN−2〉 ,
(74)
where E0 is just the coboson ground-state energy εν0 .
So, we are left with calculating
〈ψN |H −NE0|ψN 〉 = (75)
N(N − 1)
2
∑
mn
ξ ( n 0m 0 ) 〈ψN |B†mB†n|ψN−2〉 .
This is done by using Eqs. (65) and (66). These equations
give
BmBn|ψN 〉 = N(N − 1)lmn|ψN−2〉 (76)
−N(N − 1)(N − 2)
∑
p
lmnpB
†
p|ψN−3〉
+N(N − 1)(N − 2)(N − 3)
∑
pq
lmnpqB
†
pB
†
q |ψN−4〉 ,
where
lmn = δm0δn0 − λ ( n 0m 0 ) , (77)
lmnp = δm0λ
(
p 0
n 0
)
+ δn0λ
(
p 0
m 0
)
−
∑
q
(
λ
(
p 0
n q
)
+ λ ( p qn 0 )
)
λ
(
q 0
m 0
)
, (78)
lmnpq = λ
(
p 0
m 0
)
λ
(
q 0
n 0
)
. (79)
Terms higher than N(N − 1)(N − 2)(N − 3) can be ob-
tained by iterating Eq. (76). Using this equation, we get
〈ψN−2|BmBn|ψN 〉 ≃ N !
(
FN−2lmn − (N − 2)FN−3lmn0
)
(80)
within terms in (N − 2)(N − 3)FN−4. The q sum in lmn0
does not look symmetrical at first with respect to (m,n).
Yet, the Shiva diagrams in Fig. 9(a) show that the two
terms of this sum correspond to two exchange processes
in which cobosons (m,n) play an equivalent role, a fact
which becomes obvious from Fig. 9(b).
n
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FIG. 9: (a) Shiva diagrams for the two terms of the q sum
in Eq. (78). (b) The two diagrams of (a) do correspond to
fermion exchanges involving cobosons (m,n) in a symmetrical
way.
Equation (80) used in Eq. (75) gives
〈ψN |H −Nεν0 |ψN 〉
N !
=
N(N − 1)
2
FN−2
∑
mn
(
δ0mδ0n − λ ( 0 n0 m )
)
ξ ( n 0m 0 )
−N(N − 1)
2
(N − 2)FN−3
∑
mn
(
δ0mλ ( 0 00 n ) + δ0nλ (
0 0
0 m )
−λ
(
0 0
0 n
0 m
)
− λ
(
0 n
0 0
0 m
))
ξ ( n 0m 0 ) + · · · . (81)
The first (m,n) sum reduces to ξ ( 0 00 0 ) − ξin ( 0 00 0 ),
which is the coboson-coboson effective scattering in the
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FIG. 10: Diagrams corresponding to the two terms in
Eq. (82).
Born approximation, as previously mentioned. The first
two terms of the second (m,n) sum, visualized by the
Shiva diagrams of Fig. 10, are equal. By summing over
(n,m′) and (n, n′) through closure relations, we get
∑
mn
δ0mλ ( 0 00 n ) ξ (
n 0
m 0 ) =
∑
pp′
〈ν0|p′〉〈ν0|p〉2vp′−p〈p|ν0〉3
+
∑
pp′
〈ν0|p′〉2〈ν0|p〉vp′−p〈p′|ν0〉〈p|ν0〉2
= v0
I1I5
I32
+ v0
I23
I32
. (82)
The other two terms of the second sum in Eq. (81) in-
volve fermion exchange between three cobosons. They
are shown in Fig. 11. The term in λ
(
0 0
0 n
0 m
)
, shown in
Fig. 11(a), leads to
2
∑
pp′
〈ν0|p〉〈ν0|p′〉2v0〈p|ν0〉〈p′|ν0〉2 = 2v0 I4
I22
, (83)
with an equal contribution from the term in λ
(
0 n
0 0
0 m
)
,
shown in Fig. 11(b). Note that in these processes, the
interaction is associated with zero momentum transfer,
but the (m,m′) and (n, n′) cobosons can have a center-
of-mass momentum that differs from 0.
Using the above results, we find the Hamiltonian mean
value as
〈H〉N = 〈ψN |H |ψN 〉〈ψN |ψN 〉 (84)
≃ Nεν0 +
N(N − 1)
2
2v0
{
FN−2
FN
(
I1I3
I22
− 1
)
−(N − 2)FN−3
FN
(
I1I5 + I
2
3
I32
− 2I4
I22
)}
.
In the large N limit, the recursion relation (68) between
the FN ’s gives the FN ratios as
FN−2
FN
=
FN−2
FN−1
FN−1
FN
≃
(
FN−1
FN
)2
≃ 1 + 2Nλ2 (85)
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FIG. 11: Interaction scatterings involving fermion exchange
between three cobosons 0. The scatterings in (a) or (b) lead
to Eq. (83).
up to first order in density. So, using Eq. (45) for λ2, we
end with
〈H〉N
N
≃ εν0 +Nv0
(
I1I3
I22
− 1
)
+N2v0
(
2
I1I3I4
I42
− I1I5 + I
2
3
I32
)
+ · · · .(86)
In the weak interaction limit v˜0 → 1, which is the regime
relevant for cold atom gases, we find that the Hamilto-
nian mean value can be written in terms of the dimen-
sionless many-body parameter η = N(a/L)3 as
〈H〉N ≃ N |εν0 |
(−1 + 2piη − pi2η2 + · · · ) , (87)
within small corrections in (v0L
3/a3) ∝ v˜0 − 1 ≃ 0, as
seen from Eq. (58).
In the case of Cooper pairs, the reduced BCS potential
VBCS = −v0
∑
kk′
wkwk′a
†
k′↑a
†
−k′↓a−k↓ak↑ (88)
also is a one-body operator in the fermion pair subspace7;
so, many-body effects between Cooper pairs also are en-
tirely controlled by fermion exchange. However, Pauli
blocking induced by the Pauli exclusion principle pro-
hibits interaction between more than two Cooper pairs
because the pairs interacting through VBCS have a zero
center-of-mass momentum only. This makes the density
dependence of the N -Cooper pair ground-state energy re-
duce to a linear term13,14. The nonlinear density depen-
dence of 〈H〉N obtained in Eq. (87) comes from the fact
that we here deal with cobosons having two quantum in-
dices: a center-of-mass momentum and a relative-motion
momentum. They come from the (kα,kβ) fermion pairs
from which these cobosons are made, in contrast to
Cooper pairs, which are single-index objects made of
(p,−p) pairs.
10
IV. CONCLUSION
This paper presents the coboson many-body formalism
appropriate for a specific set of problems, namely two-
fermion coboson gas in which the interaction is restricted
to attraction between different fermion species. Such a
potential, commonly used in two major fields of physics,
namely BCS superconductors and cold atom gases, reads
as a one-body operator in the coboson subspace. This
feature has an important consequence: coboson many-
body effects then are entirely driven by fermion ex-
changes, making their Shiva diagrams considerably sim-
pler than those for semiconductor excitons with Coulomb
interaction between all carriers. Analytical results are
given for potential scattering having a separable form, as
commonly taken when the physics at hand is controlled
by short-range interaction. We have here studied two lim-
iting cases in detail, the strong and the weak interaction
regimes. In the strong interaction regime in which the
cobosons are tightly bound fermion pairs, the effective
coboson-coboson scattering cancels, while the Pauli scat-
tering brings vanishingly small effect. These cobosons
appear as (nearly) noninteracting bosons. By contrast,
in the weak interaction regime, the dominant many-body
effects come from interactions through fermion exchange,
as visualized by Shiva diagrams. We here recover the
well-known Born result, 2a, for the dimer-dimer scatter-
ing length for cold atoms having same mass. Calcula-
tion of the dimer-dimer scattering length beyond Born
approximation using the coboson many-body formalism
presented here will be explored in a future work. We
end this work by calculating the normalization factor
and the Hamiltonian mean value in the N -ground-state-
coboson state, the latter corresponding to the ground-
state energy in the Born approximation. The Hamil-
tonian mean value has terms nonlinear in density that
come from fermion exchange between more than two co-
bosons, although only one potential scattering occurs in
the Hamiltonian mean value by construction. The ap-
pearance of such nonlinear terms is standard for systems
made of cobosons having two degrees of freedom such as
semiconductor excitons.
The advantage of the coboson many-body formalism
over standard elementary fermion approaches is two-fold:
(i) At the single pair level, a complete set of coboson
states, including bound and extended states, is intro-
duced; thus, at the very beginning of the formalism, we
are exempt from summing infinite ladder series in or-
der to reach the singular poles corresponding to coboson
bound states. (ii) At the many-body level, the state in
which all N cobosons are in the ground state is, in the di-
lute limit, very close to the exact ground state. Starting
from this “good” state, the coboson formalism then pro-
vides a simple way to reach the exact N -coboson ground
state.
The coboson formalism presented in this work provides
a new route for studying scattering properties, Bose-
Einstein condensation (BEC), and BEC-BCS cross-over
for cold atom gases.
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